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The Matrix description of certain E8E8 heterotic theories on T 4=Z2 is
shown to correspond to the world-volume theory of Spin(32)=Z2 heterotic
ve-branes on the dual T 4=Z2  S1.
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1. Introduction
The Discrete Light Cone Quantization description of M-theory as Matrix theory [1]
has been derived recently in [2]. The techniques applied there for toroidal compactications
have been extended to K3 surfaces in [3]. The purpose of the present paper is to generalize
this derivation to K3 compactications of heterotic string theories. Along the way, we also
provide a derivation of the Matrix description of M-theory on T 5=Z2 conjectured in [4].
In section two we review the basic principles of [2] and outline the generalizations to
T 5=Z2 and S
1=Z2  T 4=Z2. We explain the occurrence of Gimon-Polchinski models and
their strong coupling duals. Sections three and four contain a detailed analysis applied to
nine dierent heterotic orbifold models.
2. Matrix Theory Derivation
The essence in deriving the DLCQ description of M-theory is to consider compacti-
cation of M-theory on a light-like circle of radius R as a limit of a compactication on
a small spatial circle of radius Rs ! 0 boosted by a large amount. The only premise is
the assumption that M-theory is eleven dimensional Lorentz invariant. In order to de-
scribe nite energy states in M-theory one has to rescale the Planck mass of the theory
after boost. In [2] this theory was called eM-theory. A sector with longitudinal momentum
P+ = N
R
in M-theory maps to a sector with momentum N
Rs
in eM-theory. Thus, the DLCQ
description of M-theory in a sector with N units of longitudinal momentum is described
by eM-theory on a small space-like circle with N units of momentum. This corresponds to
TypeIIA theory in the regime where egs ! 0 and fMs ! 1, whose description is given in
terms of the quantum mechanics of N D0 branes [5]. This corresponds precisely with the
conjecture made in [1,6].
One can consider compactications of M-theory on an arbitrary d-dimensional mani-
fold X in a sector of the theory with N units of longitudinal momentum. The longitudinal
boost does not aect transverse coordinates, they just get rescaled with the Planck mass
of eM-theory
MdPVd = fMdP eVd: (2:1)
Thus, the DLCQ description of M-theory on X is given by eM-theory on S1  eX, where
S1 is a space-like circle of vanishing radius Rs ! 0. The size of eX, eVd ! 0 in the Rs ! 0
limit. One can conclude that the description is given in terms of N D0 branes in Type
1
IIA (as we will see later one can have Type IIA orientifolds depending on the choice of X)
with vanishing coupling constant and string length on eX. This theory is better analyzed
by performing T-duality d-times to obtain the theory of N Dd branes wrapped on the
dual eX manifold of nite size. Following the analysis in [2], one concludes that the string
theory obtained after T-duality is weakly coupled for d < 3 and strongly coupled for d > 3.
One can then use more standard dualities to extract the Matrix theory description of the
compactication.
2.1. M-theory on T 5=Z2.
In order to illustrate in a simpler example the method we are going to use for heterotic
Matrix theory, we start by providing the Matrix description of M-theory on T 5=Z2. This
example is also interesting since it will provide the Matrix theory description of Type IIB
string theory on K3 by the duality in [7,8]. This example will complete the Matrix theory
description of Type II compactications on K3.
The DLCQ description of this compactication, following the analysis in the previous
subsection, is that of eM-theory on S1 eT 5=Z2, where the radius of S1, Rs, shrinks to zero
size. As shown in [7] this is dual to a Type IIA orientifold on eT 5=Z2 with orientifold group
G = f1;ΩR56789g: (2:2)
The P+ = N
R
sector of M-theory is thus described by N D0-branes on eT 5=Z2 in this Type
IIA orientifold. As usual, one has to perform T-duality on the ve circles of the torus,
obtaining Type I theory on1 eT 5D. The theory of N D0 branes is mapped to that of N D5
branes wrapping eT 5D in Type I theory. Since we have performed T-duality on more than
three coordinates, the Type I theory is strongly coupled so we must perform an S-duality
transformation. We thus end up with the theory of N Spin(32)=Z2 heterotic ve-branes
wrapped on a ve-torus. We have completed the derivation of M-theory on T 5=Z2 (and
equivalently of Type IIB on K3) and have seen to get agreement with the proposal in [4].
Another interesting aspect of this derivation is the identication in Matrix theory of
the M-theory ve-branes that need to be placed at points in T 5=Z2 to cancel anomalies.
By going to the Type IIA orientifold limit the ve-branes become D4-branes localized at
points in eT 5=Z2. After T-duality the D4-brane positions become Wilson lines in the torus
directions, which get mapped to Wilson lines in the Spin(32)=Z2 heterotic theory after
S-duality. Thus, Matrix theory encodes the M-theory ve-brane positions in Wilson lines.
1 The subscript D will denote the T-dual manifold.
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2.2. E8  E8 Heterotic String on T 4=Z2
In this subsection we outline2 the derivation of the Matrix theory description of the
E8  E8 string on T 4=Z2. The dierent types of heterotic vacua one can construct are
specied by xing the instanton number, n1 and n2, in each E8 gauge bundle and the
number of heterotic ve-branes, n5, constrained by the anomaly cancelation condition
n1 + n2 + n5 = 24 [9]. In order to make contact with the derivation in [2] we will write
the heterotic theory as M-theory on S1=Z2  T 4=Z2 [10]. This theory supports an E8
gauge bundle at the two ends of the interval, with instanton number n1 and n2, and has
n5 M-theory ve-branes free to move in the bulk. The DLCQ description of this theory
is given in terms of eM-theory on eS1=Z2  eT 4=Z2  S1, where the S1 has radius Rs ! 0.
The theory obtained by shrinking the circle [10] is an orientifold of Type IIA theory oneS1=Z2  eT 4=Z2 with orientifold group
G = f1;ΩR5; R6789;ΩR56789g: (2:3)
This theory contains two orientifold eight-planes at the end of the interval. Each orientifold
eight-plane has 8 superimposed D8 branes which yield an Spin(16)  Spin(16) gauge
group3. This chain of dualities has been considered in [12]. Furthermore, within each
orientifold eight-plane there are 16 orientifold four-planes, sitting at the singularities ineT 4=Z2. In order to cancel the D4 brane charge arising from the orientifold four planes
one needs to localize 32 D4 branes at points in eT 4=Z2. These congurations of orientifold
four-planes and D4 branes inside the D8 branes correspond to the instantons in the E8E8
picture. The P+ = N
R
sector is thus described by N D0 branes on eS1=Z2  eT 4=Z2 in a
Type IIA orientifold with the specied background. One has to perform T-duality on the
ve circles which we do in two steps. By applying T-duality to the interval one obtains
Type I theory on eS1D  eT 4=Z2 with orientifold group
G = f1;Ω; R6789;ΩR6789g; (2:4)
which is the Gimon-Polchinski (GP) orientifold [13]. The D0 branes become D1 strings,
the D4 branes become D5 branes and the D8 branes become D9 branes. This model is
2 We leave the details of the construction for the upcoming sections.
3 In [11] it was shown that in the strong coupling limit (the interval becomes innite) precisely
the right degrees of freedom become light to ll out the E8 E8 multiplets.
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specied by the D5 and D9 brane gauge group4 G5  G9. We still have to T-dual along
the four sides of the torus since they are very small. By applying T-duality T6789 we get
back the GP model with orientifold group (2.4). This T-duality exchanges D5$ D9 and
the D1 string becomes a D5 brane of Type I wrapped on the compact directions. The
two types of D5 branes intersect along a circle. Since we have performed T-duality on
ve circles, the Type I theory we have is strongly coupled, so we must S-dual to get to
heterotic Spin(32)=Z2. We conclude that the P
+ = N
R
sector of the E8  E8 heterotic
string compactication we are considering has as a Matrix description the theory of N
Spin(32)=Z2 ve-branes wrapped on eS1D  eT 4D=Z2.
The Matrix theory description of the E8E8 compactication also encodes the back-
ground Wilson lines of the heterotic theory. They can be traced by the chain of dualities
we have followed. The Wilson lines in the E8 E8 theory can be pushed to the M-theory
limit (see footnote 4). In the Type IIA orientifold limit, E8  E8 Wilson lines remain
Type IIA Wilson lines. T-duality on the rst circle also leaves them unaected. The nal
T6789 transformation maps the Wilson lines to D5-brane positions which after S-duality are
heterotic ve-brane positions. It is important to note that these ve-branes are the ones
localized at points on eT 4D=Z2 and wrapping eS1D. Thus, E8  E8 Wilson lines get mapped
to ve-brane positions in eT 4D=Z2 in the Matrix theory description.
One can try to give a Matrix description of nonperturbative E8E8 vacua by putting
n5 M-theory ve-branes in the bulk. In the Type IIA orientifold limit these become
D4-branes localized in eS1  eT 4=Z2. After T-duality on the interval they correspond to
D5-branes wrapping the circle and localized in eT 4=Z2. Performing the remaining part of
the T-duality maps the positions of the branes to Wilson lines on eT 4D=Z2. The nal S-
duality transformation preserves these Wilson lines. Thus E8E8 ve-branes get mapped
to Wilson lines along eT 4D=Z2 in Matrix theory. Matrix theory captures in an interesting
way both the Wilson lines and ve-brane positions of the E8 E8 theory.
3. The space-time theories
Here we present a detailed construction of the E8E8 heterotic theories mentioned in
the previous section. All theories can be understood starting from a basic nonperturbative
T 4=Z2 orbifold construction [14]. Since we will be ultimately concerned with orbifolds
4 See section four for details.
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with Wilson lines, we briefly review the relevant consistency conditions. The embedding
of the space group Z2 in the E8  E8 gauge group is dened by a shift vector V I , where
I = 1; : : : ; 16 is a Γ8Γ8 lattice index. The Wilson lines can be regarded similarly as shift
vectors AIi ; i = 6; : : : ; 9. They must satisfy constraints [15,16,17] imposed by the group
action
2V I 2 Γ8  Γ8; (3:1)



































 0 (mod 2); (3:6)




2) is the vector of Z2 charges of the toroidal
coordinates.
Nonperturbative orbifolds [14] are heterotic vacua described by a perturbative part
consisting of a free orbifold and a nonperturbative part, in general background ve-branes.
The free orbifold does not satisfy the modular invariance conditions, therefore it has an
anomalous perturbative spectrum. The anomaly is then cancelled by taking into account
the contribution of the ve-branes as in [9]. The theories of interest here can be constructed
starting from a nonperturbative heterotic orbifold which is on the same moduli as the (8; 8)




(1; 1; : : :1)
1
4
(1; 1; : : : ; 1): (3:7)
It is easy to see that this violates modular invariance. The anomalous spectrum contains an
E7SU(2)E7SU(2) gauge group with hypermultiplets in 2(56; 2; 1; 1)2(1; 1; 56; 2)
4(1; 1; 1; 1) from the untwisted sector and 8(1; 2; 1; 1) 8(1; 1; 1; 2) 16(1; 1; 1; 1) from
the twisted sector. It can be checked that adding eight ve-branes renders the spectrum
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anomaly free. Higgsing the SU(2) factors by giving vacuum expectation values to the
doublet hypermultiplets yields the spectrum of the corresponding smooth compactication.
Before giving an M-theory description of this model we consider the problem of Wilson
lines. It is clear from (3.1)-(3.5) that these must be quantized. There are three cases of
interest which are presented in Tables A1-A3.
In nite coupling regime the higgsed model is described as M-theory on S1=Z2T 4=Z2
[10]. The two E8 vector bundles on the nine dimensional planes have instanton number
8 on T 4=Z2. The instantons are small singular congurations of charge
1
2 hidden at the
sixteen xed points. As explained in [18,14], instantons hidden at C2=Z2 singularities are
classied by all possible embeddings of Z2 in a Spin(16)=Z2 subgroup of E8. The case
of relevance here is that of instantons without vector structure. There are two possible
embeddings diering in the action on spinors called N and N 0 in [18]. In lattice language
these correspond to shift vectors Q = 14 (1; : : : ; 1) and Q
0 = 14 (1; : : : ;−3). The instanton
charge is respectively k  12 (mod Z) and k 
1
4 (mod Z) in the two cases
5. Therefore the
rst case describes instantons hidden at bare orbifold singularities (no xed ve-branes).
As detailed below there are more general congurations related to the second embedding.
Note that a mobile ve-brane really is a unit of four ve-branes identied by the two Z2
projections. Therefore they can also be distributed in congurations with xed ve-branes
at the singularities. A single ve-brane stuck at the singularity contributes an instanton
number 14 , thus corresponding to the second case above. The possible congurations
are restricted by nonperturbative anomalies of the type considered in [18]. Since these
are of topological nature we can use their arguments directly. There are three allowed
congurations which combined with the three sets of Wilson lines give nine dierent models
presented in Tables A1-A3. Note that the second series of models is on the same moduli as
the smooth (12; 12) compactication and it has been considered in a very similar context
in [12]. The third series of models corresponds to the smooth (10; 10) case with four ve-
branes in the bulk. The two groups of eight quarter ve-branes must lie in identical three
planes on the two walls.
5 The values are 1 and 1=2 for Spin(32)=Z2 instantons but they are halved for Spin(16)=Z2
instantons. This can be easily seen from the fact that we have to embed only eight copies of the
basic U(1) instanton eld [18] in the gauge group rather than sixteen.
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4. The auxiliary theories
In this section we present the Matrix description of the heterotic E8  E8 orbifolds
constructed above. The extension of Seiberg’s derivation [2] to the present situation has
been discussed in section two. The relevant chain of dualities leads to a strong-coupling
limit of the Gimon-Polchinski orientifolds. To understand the precise relation between the
initial light cone heterotic theories and the orientifolds, we will describe in some detail a
particular example, namely the model 2.1 in Table A2. There are no Wilson lines on T 4=Z2,
but we must turn on a Wilson line on the shrinking circle in order to connect with the Type
IIA theories which have unbroken gauge group Spin(16) Spin(16). The Spin(16) gauge
bundle on the D8-branes at one end of the interval has sixteen small instantons of charge
3=4 hidden at the singularity. These can be associated with the four-dimensional orientifold
planes (1=2) and to quarter D4-branes xed at the singularities (1=4). The gauge group is
broken to U(8)U(8). T-duality on the interval maps the Type IIA theory to a GP model
with sixteen half ve-branes at the xed points. Therefore two Spin(16)=Z2 instantons
located at identical xed points on the two walls are merged into a single Spin(32)=Z2
instanton without vector structure and with double the charge (see footnote 5). The dual
of the interval is an extra compact circle with a Wilson line breaking the D9-brane gauge
group6 U(16) to U(8)U(8). T-duality on the remaining four compact coordinates yields
another GP model with Wilson lines on T 4=Z2 breaking the gauge group to U(1)
16. These
are dual to the half D5-branes of the original model. On the other hand, the Wilson
lines of the original model are mapped to D5-brane positions in the new theory. In the
case studied here this means that we are nally left with eight D5-branes collapsed at one
singularity giving an U(16) gauge group. This is further broken by the Wilson line on
the circle to U(8) U(8). The other cases can be treated similarly. The E8  E8 Wilson
lines in Tables A1-A3 give Spin(32)=Z2 Wilson lines in the GP model by merging together
the eight dimensional vectors. Then, as a general rule, the ve-brane conguration of the
nal GP model is determined by the Wilson lines of the original model and vice-versa.
Note that the GP Wilson lines derived this way are precisely the three sets of Wilson
lines satisfying the consistency conditions of GP models [18]. Therefore the above chain of
dualities connects the nine heterotic theories with the nine consistent GP theories found
in [18].
6 This is the classical gauge group. At quantum level, sixteen U(1) factors of the total gauge
group are broken by anomalies [18].
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As explained in section two, the nal step in the Matrix model derivation is to take the
strong coupling limit of the GP theories. This is done by constructing the S-dual weakly
coupled heterotic Spin(32)=Z2 theories. Therefore, we expect nine dierent heterotic aux-
iliary models corresponding to the nine E8E8 theories that we started with. The easiest
case is when there are sixteen half ve-branes at the singularities. Then the Spin(32)=Z2
models are free orbifold theories without vector structure [19,18].
The remaining situations are
i) eight ve-branes in the bulk. In this case the heterotic dual models are nonperturbative
orbifolds constructed in [14]. As expected there are eight heterotic Spin(32) ve-
branes present in order to cancel the anomalies.
ii) eight half-ve branes at eight singularities in a three plane and four mobile ve-branes
in the bulk. This case is not known. We propose that it can be obtained from the
previous one by splitting four of the bulk heterotic ve-branes in eight halves localized
at eight singularities in the corresponding three plane.
The results are summarized in Tables B1-B3. Note that the models are ordered so that
they correspond precisely to the E8  E8 theories in Tables A1-A3. More precisely, this
means that the Matrix model for a heterotic theory in Tables A1-A3 is formulated in
terms of N heterotic-ve branes embedded in the corresponding auxiliary heterotic theory
in Tables B1-B3. Some remarks are in order here:
i) It turns out that the Matrix description of E8E8 heterotic theories is formulated in
terms of Spin(32) ve-branes. The relation between the space-time and base theory
gauge bundles is determined essentially by T-duality as described in the adjoint tables.
ii) The auxiliary heterotic theories in which the base theories are embedded have in
many cases background ve-branes lling the noncompact directions. They intersect
the wrapped ve-branes along strings wound around S1. These strings should be
regarded7 as impurities or sources in the world-volume theories of the ve-branes.
The degrees of freedom on these background strings can be easily determined in the
GP picture. One obtains chiral fermions transforming in the bifundamental of the
dynamical gauge group on the wrapped ve-branes and the space-time gauge group
determined by transverse ve-branes. This mechanism explains the global symmetry
of the base theory associated with background small instantons.
7 We thank Nathan Seiberg for explaining this to us.
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iii) In all the cases listed below, whenever mobile ve-branes are present, they are assumed
collapsed at a single orbifold singularity. Such congurations are T-dual to trivial
Wilson lines. If the ve-branes move away from the xed points in the original E8E8
models, this should correspond to turning on continuous Wilson lines of the form
W = diag(R(i)) (4:1)
in the auxiliary theories, where R(i) are 2 2 rotation matrices [18]. This cannot be
achieved within the framework of free Spin(32)=Z2 orbifold theories that we consid-
ered. The deformations should be regarded as exactly marginal operators of the free
theories which move the model away from the free point in the CFT moduli space.
5. Discussion
In this paper we have derived the Matrix description of M-theory on T 5=Z2 and
S1=Z2  T 4=Z2. The derivation maps in an explicit manner the parameters of the space-
time theories with those of the auxiliary theories. The appearance of heterotic ve-branes
is manifest in our constructions.
The Matrix description of M-theory on T 5=Z2 also provides a description of Type IIB
on K3 [7,8]. This is given in terms of heterotic ve-branes wrapped on T 5, a theory with 8
real supercharges. This example completes the Matrix description of Type II theories on
K3.
We presented Matrix descriptions of certain E8  E8 heterotic vacua in the orbifold
limit of K3. These are given in terms of heterotic ve-branes wrapped on eS1D  eT 4D=Z2,
which are theories with 4 real supercharges. The reduced number of supersymmetries has
not allowed us to give a precise description of BPS states as in [4,3]. This is correlated
with the known diculties in the study of BPS spectra of conventional string theories
with eight space-time supercharges. The methods we use can even provide us with Matrix
descriptions of nonperturbative heterotic vacua. Many more cases can be studied. One
can consider vacua with instantons embedded in an asymmetrical way between the gauge
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Note added
In course of completion of this work the paper [12] appeared which partially overlaps with
our work.
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Table A1. E8  E8 heterotic orbifolds.





(1 : : :1)
1
4








(1 : : :1)
1
4




(1; 1; 1; 0; 0; 0; 1; 0)
1
2




(1; 1; 0; 1; 0; 1; 0; 0)
1
2




(1; 0; 1; 1; 1; 0; 0; 0)
1
2




(1; 1; 1; 1; 1; 1; 1; 1)
1
2







(1 : : :1)
1
4




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(1; 0; 1; 0; 0; 0; 0; 0)
1
2




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(0; 0; 0; 0; 0; 0; 0; 0)
1
2




Table A2. E8  E8 heterotic orbifolds.





(1 : : :1)
1
4











(1 : : :1)
1
4




(1; 1; 1; 0; 0; 0; 1; 0)
1
2




(1; 1; 0; 1; 0; 1; 0; 0)
1
2




(1; 0; 1; 1; 1; 0; 0; 0)
1
2




(1; 1; 1; 1; 1; 1; 1; 1)
1
2










(1 : : :1)
1
4




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(1; 0; 1; 0; 0; 0; 0; 0)
1
2




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(0; 0; 0; 0; 0; 0; 0; 0)
1
2







Table A3. E8  E8 heterotic orbifolds.





(1 : : :1)
1
4













(1 : : :1)
1
4




(1; 1; 1; 0; 0; 0; 1; 0)
1
2




(1; 1; 0; 1; 0; 1; 0; 0)
1
2




(1; 0; 1; 1; 1; 0; 0; 0)
1
2




(1; 1; 1; 1; 1; 1; 1; 1)
1
2












(1 : : :1)
1
4




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(1; 0; 1; 0; 0; 0; 0; 0)
1
2




(1; 1; 0; 0; 0; 0; 0; 0)
1
2




(0; 0; 0; 0; 0; 0; 0; 0)
1
2









Table B1. Spin(32)=Z2 heterotic orbifolds.
Model Shift vector Wilson lines Five-branes


















Table B2. Spin(32)=Z2 heterotic orbifolds.








(1; 1; 1; 0; 0; 0; 1; 0




(1; 1; 0; 1; 0; 1; 0; 0




(1; 0; 1; 1; 1; 0; 0; 0




(1; 1; 1; 1; 1; 1; 1; 1





















Table B3. Spin(32)=Z2 heterotic orbifolds.








(1; 1; 0; 0; 0; 0; 0; 0




(1; 0; 1; 0; 0; 0; 0; 0




(1; 1; 0; 0; 0; 0; 0; 0




(0; 0; 0; 0; 0; 0; 0; 0
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